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SOME MODERN ADVANCES IN LOGIC. 

MATHEMATICS is traditionally supposed to be oc- 
cupied with questions about number and quantity. 
During the last thirty years or so certain mathematicians 
— a German named Frege, an Italian named Peano, and 
later, in England, Mr. Bertrand Russell and Dr. A. N. 
Whitehead — have been studying this sort of question: 
Take any mathematical proposition ; prove it carefully, that 
is to say write down completely all the logical steps by which 
that proposition follows from more simple ones ; then enu- 
merate completely the fundamental notions in terms of 
which the notions occurring in that proposition are defined, 
and the principles of inference used. Euclid attempted — 
in a way that to modern eyes is very unsatisfactory, 
whether we consider his tacit assumptions or his prolixity 
— to reduce the foundations of geometry to a set of defini- 
tions, postulates, and axioms. Euclid's definitions are 
often (as in the case of those of a point and a straight line) 
only would-be explanations of certain ideas which every- 
body is supposed to have, and which are really assumed as 
primitive notions which are a necessary preliminary to 
what follows. Further, Euclid does not reckon among his 
axioms and primitive ideas the principles, such as the syl- 
logism, and the fundamental ideas of logic itself. He 
tacitly assumes these as preliminary to geometry. 

Modern people have gone far beyond this. Peano's 
work, though in some ways not nearly so fundamental and 
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subtle as Frege's, has become far better known than the 
German's. This is owing to the noble self-sacrifice of 
Peano himself. For years past he has spared neither time 
nor money in the editing and publishing of a journal and a 
periodical collection of mathematical propositions expressed 
in the symbolism partly invented by himself. We all know 
the appearance of mathematical symbols; and some of us 
know that the introduction of an analogous set of symbols 
has had incalculable benefit on other sciences, such as 
logic and chemistry. Peano's symbolism consists of cer- 
tain very convenient signs for denoting logical notions, so 
that logical propositions can be translated into a form 
like that of mathematical equations ; logical operations be- 
come easily and almost mechanically carried out, and it 
becomes possible to condense the expression of a long chain 
of reasoning into a short and readily grasped form. 

The idea of such a language is not new. It goes back 
to Leibniz and Descartes, or perhaps earlier, and began 
to be vigorously developed about the middle of the nine- 
teenth century by the English mathematicians Boole and 
De Morgan. 

One result of Peano's work was the discovery that all 
the ideas which occur in arithmetic and geometry and the 
other sciences usually called mathematical can be defined 
in terms of the ideas of general logic, such as class, impli- 
cation, membership of a class, aggregation and disjunc- 
tion of classes, together with five or six other ideas, such 
as integer, number, and point. Also Peano's work con- 
tained contributions of the utmost importance to logic, such 
as the perception that inference in mathematics was not 
the inference of one proposition from another, but the in- 
ference of a whole class of propositions from another class. 

Mr. Russell, partly helped by a study of Frege's work, 
and partly having discovered for himself many of Frege's 
distinctions, took up Peano's work where Peano had left 
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it, and defined in logical terms alone all of Peano's funda- 
mental mathematical ideas and proved all his fundamental 
mathematical propositions. Thus nowadays mathematics 
and logic are seen to form part of a continuous whole. 

Further, it now appears that the essential character of 
mathematical propositions is not, as Euclid would have it, 
— "A is true, therefore B is true," but "if A is true, then 
B is true." In geometry, for example, we do not, as for- 
merly everybody used to think, study the properties of the 
space we live in. We only say things of the form — "if 
space has such-and-such properties, then it has such-and- 
such other properties." 

Mr. Russell's work, begun in 1900, now seems to be 
entering the stage of completion. Towards the end of 
last year the Cambridge University Press published the 
first volume of a treatise called Principia Mathematica by 
Messrs. Russell and Whitehead. Here are nearly 700 
pages, written to a great extent in the modified Peano- 
symbolism and exposing in detail the modern views on 
logic and mathematics. Nowadays a mathematician will 
tell you that, of the two things with which tradition sup- 
poses mathematics to deal, number is definable in logical 
terms, so that mathematics is only a further-developed 
logic, and quantity is not considered at all. Serial order 
is, and people tend to confuse that with quantity. 
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